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Kemeny $N=\{1,2, \ldots, n\}$














$|\cdot|$ $[t]^{+}= \max\{t, 0\}$ $\alpha$














$\pi$ $(i,j)$ 0-1 $x_{ij}$




subject to $X_{i}j\in\{0,1\}$ for all $(i,j)\in N_{\neq}^{2}$ (0-1)
$X_{i}j+xji=1$ for all $(i,j)\in N_{\neq}^{2}$ ( )
$X_{i}j+x_{jk}+x_{ki}\leq 2$ for all $(i,j, k)\in N_{\neq}^{3}$ ( )
$N_{\neq}^{2};=\{(i, j)|i,$ $j\in N,$ $i\neq j\}$
$N_{\neq}^{3}:=\{(i,$ $j,$ $k)|i,$ $j,$ $k\in N,$ $i\neq j,$ $j\neq k,$ $k\neq i\}$
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$(P)$ subject to for all $(i,j)\in N_{<}^{2}$
$x_{ij}+x_{jk}-x_{ik}\leq 1$ for all $(i,j, k)\in N_{<}^{3}$ $(\#_{\lrcorner^{1}=^{J}}1)$
$-x_{ij}-x_{jk}+x_{ik}\leq 0$ for all $(i,j, k)\in N_{<}^{3}$ $(_{=}^{\#_{\llcorner}}|\lrcorner 2)$
$\overline{c}_{ij}:=c_{ij}-c_{ji}$
$N_{<}^{2}:=\{(i,j)|i, j\in N, i<j\}$









$U$ $V$ $N_{<}^{3}$ $(P(U, V))$
maximize
$\sum_{(i,j)\in N_{<}^{2}}\overline{c}_{ij}x_{ij}$
$(P(U,V))$ subject to $x_{ij}\in\{0,1\}$
$x_{ij}+x_{jk}-x_{ik}\leq 1$
$-x_{ij}-x_{jk}+x_{ik}\leq 0$
for all $(i, j)\in N_{<}^{2}$
for all $(i, j, k)\in U$





$(P(U, V))$ $(U, V)$
1 $u_{ijk}$ 2 $v_{ijk}$
0-1 $(LR(u, v))$
maximize
$\sum_{(i,j)\in N_{<}^{2}}\overline{c}_{ij}x_{ij}$ $+ \sum_{(i,j,k)\in U}u_{ijk}(1-x_{ij}-x_{jk}+x_{ik})$
$(LR(u,v))$
$+ \sum_{(i,j,k)\in V}v_{ijk}(0+x_{ij}+x_{jk}-x_{ik})$
subject to $x_{ij}\in\{0,1\}$ for all $(i,j)\in N_{<}^{2}$
$U$ $V$ $(LR(u, v))$
$u$ $v$ $(u_{ijk})_{(i,j,k)\in U}$ $(v_{ijk})_{(i,j,k)\in V}$
$r(u, v)_{ij}$
$(LR(u, v))$ 0-1 1 $x(u, v)=(x(u, v)_{ij})_{(i,j)\in}$
$x(u, v)_{ij}=\{\begin{array}{l}1if r(u, v)_{ij}>00 if r(u, v)_{ij}\leq 0\end{array}$ (1)





$(P(U, V))$ $(P)$ [3].
5
5.1
$(LR(u, v))$ $x(u, v)$ $(P)$
O 1
$(s, t)\in N_{<}^{2}$ $(P)$ $x_{st}=\xi\in\{0,1\}$
$(P)$ $x_{st}=\xi$ $(P)$ $(P|x$ $t=\xi)$
$(P)$ $\omega_{1ow}$ $\omega(P|x_{st}=\xi)=\omega(P)\geq\omega_{1ow}$
$(P(U, V))$ $(P)$ $(LR(u, v))$
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$\omega(LR(u, v)|x_{st}=\xi)\geq\omega(P(U, V)|x_{st}=\xi)\geq\omega(P|x_{st}=\xi)$ ,
$\omega(LR(u, v)|x_{st}=\xi)\geq\omega_{1ow}$ . F
1. $\xi\in\{0,1\}$ $\omega(LR(u, v)|x_{st}=\xi)<\omega_{1ow}$ $(P)$
$x_{st}=1-\xi$
$(LR(u, v))$ $x(u, v)$ $x(u, v)_{st}=0$
$\omega(LR(u, v)|x_{st}=1)=\omega(LR(u, v))+r(u, v)_{st}$ .
$x(u, v)$ $x(u, v)_{st}$ $0$ $r(u, v)_{st}$
$x(u, v)_{st}$ 1
$\omega(LR(u, v)|x_{st}=0)=\omega(LR(u, v))-r(u, v)_{st}$
$r(u, v)_{st}$








$A(P_{0}, P_{1})$ $x_{ij}$ 1 $Xj_{i}$ $0$ $(i,j)$
$A(P_{0}, P_{1}):=\{(i,$ $j)\in N_{\neq}^{2}|(j,$ $i)\in P_{0}$ $(i,j)\in P_{1}\}$
3. $P_{0}$ $P_{1}$ $N$ $i$ $j$ $A(P_{0}, P_{1})$ $i$ $j$
$i$ $j$ $j$ $i$
4. $(s, t)\in N_{<}^{2}\backslash (P_{0}\cup P_{1})$
$S_{1}:=\{s\}\cup\{i\in N|i$ $s$ $\}$ , $T_{1}:=\{t\}\cup\{j\in N|j$ $t$ $\}$
$S_{0}:=\{s\}\cup\{i\in N|i$ $s$ $\}$ , $T_{0}:=\{t\}\cup\{j\in N|i$ 1 $t$ $\}$
$x_{st}$ 1 $s$
$t$




$x_{ij}=\{\begin{array}{ll}1 for all (i, j)\in(T_{0}\cross S_{0})\cap N_{<}^{2}0 for all (i, j)\in(S_{0}\cross T_{0})\cap N_{<}^{2}\end{array}$
$u$ $v$ $x_{st}=1$
$(LR(u, v, P_{0}, P_{1})$
$|x_{st}=1)$
maximize
$\sum_{(i,j)\in N_{<}^{2}}\overline{c}_{ij}x_{ij}$ $+ \sum_{(i,j,k)\in U}u_{ijk}(1-x_{ij}-x_{jk}+x_{ik})$
$+ \sum_{(i,j,k)\in V}v_{ijk}(0+x_{ij}+x_{jk}-x_{ik})$
subject to $x_{ij}\in\{0,1\}$ for all $(i, j)\in N_{<}^{2}$
$x_{ij}=\{\begin{array}{ll}0 for all (i,j)\in(T_{1}\cross S_{1})\cap N_{<}^{2}\cup P_{0}1 for all (i, j)\in(S_{1}xT_{1})\cap N_{<}^{2}\cup P_{1}\end{array}$
$x_{st}=1$ $(P)$
5. $((S_{1}\cross T_{1})\cap N_{<}^{2}\cap P_{0})\cup((T_{1}\cross S_{1})\cap N_{<}^{2}\cap P_{1})\neq\emptyset$ , $(P)$ $x^{*}$
$x_{st}^{*}=0$
$(i,j)$ $((S_{1}\cross T_{1})\cap N_{<}^{2}\cap P_{0})\cup((T_{1}\cross S_{1})\cap N_{<}^{2}\cap P_{1})$




$(LR(u, v, P_{0}, P_{1})$
$|x_{st}=0)$
maximize
$\sum_{(i,j)\in N_{<}^{2}}\overline{c}_{ij}x_{ij}$ $+ \sum_{(i,j,k)\in U}u_{ijk}(1-x_{ij}-x_{jk}+x_{ik})$
$+ \sum_{(i,j,k)\in V}v_{ijk}(0+x_{ij}+x_{jk}-x_{ik})$
subject to $x_{ij}\in\{0,1\}$ for all $(i,j)\in N_{<}^{2}$
$x_{ij}=\{\begin{array}{ll}0 for all (i, j)\in(S_{0}\cross T_{0})\cap N_{<}^{2}\cup P_{0}1 for all (i, j)\in(T_{0}\cross S_{0})\cap N_{<}^{2}\cup P_{1}\end{array}$
6. $((T_{0}\cross S_{0})\cap N_{<}^{2}$ $P_{0})\cup((S_{0}\cross T_{0})\cap N_{<}^{2}\cap P_{1})\neq\emptyset$ , $(P)$ $x^{*}$
$x_{st}^{*}=1$
$(LR(u, v, P_{0}, P_{1})|x_{st}=\xi)$ $(P)$ $x_{st}=\xi$
7. $\xi\in\{0,1\}$ $x$ $t$ $\omega(LR(u, v, P_{0}, P_{1})|x_{st}=$
$\xi)<\omega_{1ow}$ $(P)$ $x_{st}=1-\xi$
7 $\omega(LR(u, v, P_{0}, P_{1})|x_{st}=\xi)$ $\omega(LR(u, v))$
$\omega(LR(u, v))-\omega(LR(u, v, P_{0}, P_{1})|x_{st}=1-x(u, v)_{st})=\sum_{(i,j)\in A’}|r(u, v)_{ij}|$
$x(u, v)_{st}=0$ $A’$
$A’=(((S_{1}\cross T_{1})\cap N_{<}^{2}\cup P_{1})\cap\{(i,j)|x(u, v)_{ij}=0\})\cup(((T_{1}\cross S_{1})\cap N_{<}^{2}\cup P_{0})\cap\{(i,j)|x(u, v)_{ij}=1\})$
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$x(u, v)_{st}=1$ $A’$
$A’=(((T_{0}\cross S_{0})\cap N_{<}^{2}\cup P_{1})\cap\{(i, j)|x(u, v)_{ij}=0\})\cup(((S_{0}\cross T_{0})\cap N_{<}^{2}\cup P_{0})\cap\{(i, j)|x(u, v)_{ij}=1\})$
$(LR(u, v, P_{0}, P_{1})|x_{st}=\xi)$ 1
$x(u, v)$ $0$ 2
$(LR(u, v, P_{0}, P_{1})|x_{st}=\xi)$ $0$ $x(u, v)$ 1
7 $\omega(LR(u, v, P_{0}, P_{1})|x_{st}=\xi)$






$P_{0},$ $P_{1}$ $(LR(u, v, P_{0}, P_{1})$
$\omega(LR(u, v, P_{0}, P_{1}))$ $\omega(u, v)$ $(LD)$
$(u, v)$ $\omega(u, v)$
minimize $\omega(u, v)$
$(LD)$
subject to $u,$ $v\geq 0$
$\omega(u, v)$
1 [2].
8. $(g^{u}, g^{v})$ $\omega$ $(\overline{u},\overline{v})\geq 0$ $(u, v)$
$\omega(\overline{u},\overline{v})+\langle g^{v},$ $u-\overline{u}\}+\langle g^{v},$ $v-\overline{v}\}\leq\omega(u, v)$ $\langle\cdot,$ $\cdot\rangle$
1
9. $(LR(u, v, P_{0}, P_{1}))$ $x(u, v)$
$(g^{u}, g^{v})$ $\omega$ $(u, v)$
$g_{ijk}^{u}:=1-x(u, v)_{ij}-x(u, v)_{jk}+x(u, v)_{ik}$ for $(i,j, k)\in U$
$g_{ijk}^{v}:=0+x(u, v)_{ij}+x(u, v)_{jk}-x(u, v)_{ik}$ for $(i, j, k)\in V$
$(u, v)$ $(u^{+}, v^{+})$
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$u_{ijk}^{+}$ $:= \max\{0,$ $u_{ijk}- \mu\frac{\omega(u,v)-\omega_{1ow}}{\Vert(g^{u},g^{v})\Vert^{2}}g_{ijk}^{u}\}$ for $(i,j, k)\in U$ (2)





5 $\mu$ $\mu$ 0.005




$U$ $V$ $\overline{p}|$ $U$ $V$
$(LR(u, v, P_{0}, P_{1}))$
$x(u, v)$
63
(Step2 7) $U$ $V$
Step 1 ( )
(a) $i$ } $\sum_{j\in N}c_{ij}-\sum_{j\in N^{Cji}}$
$\omega_{1ow}$
(b) 3 $(i,j, k)$ $(U, V)$
$larrow 0,$ $\muarrow 2.0,$ $karrow 0,$ $(u, v)arrow(O, 0),$ $P_{0},$ $P_{1}arrow\emptyset,$ $\omega_{up}arrow+\infty$
Step 2( $(LR(u,$ $v,$ $P_{0},$ $P_{1}))$ )
(a) $r(u, v)_{ij}$ $x(u, v)_{ij}$ (1)
(b) $\omega_{up}arrow\min\{\omega_{up}, \omega(LR(u, v, P_{0}, P_{1}))\}$ $\omega_{up}$ $larrow l+1,$ $karrow k+1$ .
$l,$ $karrow 0$
Step 3( )
(a) $\omega_{up}-\omega_{1ow}<\epsilon$ 1, $k\geq 500$
Step 4 ($x(u,$ $v)$ )





(a) $(\omega_{up}-\omega_{1ow})/\omega_{1ow}<\eta$ $k$ 500
(b) $P_{0}=P_{1}=\emptyset$
(C) $P_{0}$ $P_{1}$ $0$ 1
Step 6($\mu$ )
(a) $\mu\leq 0.005$ $\muarrow 2.0$ Step 8
(b) $l$ 5 $\muarrow\mu/2$ .
Step 7( $(u,$ $v)$ )
(a) $(u, v)$ (2) (3) $karrow k+1$ Step 2
Step 8( $U,$ $V$ )
(a) $x(u, v)$ $U$ $V$
(b) $(i,j, k)$ uijk, $v_{ijk}arrow 0$ Step 2
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Java
CPU: Intel $i3,3.33$ GHz, 2GB. GAP: $=\omega_{up}-\omega_{1ow}$ , RGAP: $=(\omega_{up}-\omega_{1ow})/\omega_{1ow}$ ,. $\%^{UV}:=100(|U|+|V|)/|N_{<}^{3}|,$ $\%^{PT}:=100(|P_{0}|+|P_{1}|)/|N_{<}^{2}|$ ,. $\%^{LP}:=100(\omega_{up}-\omega_{up}^{LP})/\omega_{up}^{LP},$ $\%^{*}:=100\omega_{up}/\omega^{*}$
$\omega^{*}$ $\omega_{up}^{LP}$ (LOP) (LOP)
$\omega_{up}^{LP}$ $(U, V)$ [3].
$\omega^{*}$
$\omega_{up}^{LP}$ Xpress Optimizer 210106 $(PC:Inteli7,2.80GHz,$ $6$ GB memory$)$
$\omega_{up}$ Step3
$\epsilon:=1$ $(\beta, \eta, M)=(5,0.01,100,000)$
7.1
Chron and Hudry[1] Median39 Judge $s100$
F 10
Median39 $C_{i}j$ $Cji$ $0$
$0$ 0.5 $c_{ij}$ $c_{ji}$ 1 10
71
Judges100 100 50 $i$ $j$




1 (Judges $100d$) (GAP)
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1 Median39
GAP RGAP $\overline{\omega^{*}\text{ }(\text{ })}$$\%^{PT}$ ( )
Xpress
% $*$
$Median39a$ 70.00 2.4e-2 1.7e-l 0.00 7.52 2898.00 257.40 99.34
$Median39b$ 68.00 2.4e-2 1.7e-l 0.00 7.38 2889.00 397.60 99.72
$Median39c$ 44.00 1.5e-2 8.Oe-2 0.00 7.46 2966.00 169.80 99.87
$Median39d$ 54.00 1.8e-2 l.le-l 0.00 6.54 2958.00 245.00 100.00
$Median39e$ 51.00 1.8e-2 8.9e-2 0.00 7.86 2868.00 243.00 100.00
$Median39f$ 83.00 2.9e-2 4.2e-2 0.00 8.60 2905.00 404.00 99.72
$Median39g$ 80.00 2.8e-2 8.2e-2 0.00 7.50 2900.00 1282.70 99.93
$Median39h$ 94.00 3.3e-2 l.le-l 0.00 8.27 2878.00 2784.70 99.83
$Median39i$ 71.00 2.5e-2 9.Oe-2 0.00 7.41 2902.00 489.20 99.90




( )GAP RGAP $\%^{LP}$ $\%^{PT}$ ( ) % $*$
Judges $100a$ 25.00 4.le-4 3.8e-3 58.71 12.98 60834.00 118.00 99.99
Judges $100b$ 21.00 3.4e-4 4.9e-3 65.45 12.26 61752.00 102.10 99.99
$Judgesl00c$ 30.00 4.9e-4 6.4e-3 52.26 13.43 60598.00 111.10 99.97
Judges $100d$ 0.00 0.0 0.0 91.45 9.81 61592.00 85.70 100.00
Judges $100e$ 43.00 7.Oe-4 9.4e-3 35.84 12.93 61120.00 113.70 99.95
Judges $100f$ 20.00 3.3e-4 4.6e-3 65.11 12.36 60220.00 143.70 99.97
Judges $100g$ 10.00 1.6e-4 4.le-3 75.23 12.57 60888.00 107.60 99.99
Judges $100h$ 33.00 5.5e-4 l.le-2 48.99 13.98 60490.00 249.70 99.99
Judges $100i$ 10.00 1.7e-4 l.le-3 73.09 13.03 60400.00 130.40 99.99
Judges $100j$ 60.00 1.Oe-3 1.9e-2 11.70 14.76 59946.00 853.80 99.97
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DsumC [5] NCAA






$\omega_{up}$ $\omega_{1}$ $w$ GAP $|U|+|V|$ $\%^{UV}$ $|P_{0}|+|P_{1}|$ $\%^{PT}$ ( )
1276183.00 276629.00 446.00 345 0.00 $0$ 0.00 0.02
500 276219.00 276221.00 2.00 10410 0.08 50836 84.68 2.48
1000 276219.00 276220.00 1.00 10693 0.08 55953 93.21 8.66
1500 276219.00 276220.00 1.00 10882 0.08 56760 94.55 13.16
2000 276219.00 276220.00 1.00 11046 0.08 57156 95.21 17.36
2193 276219.00 276219.00 0.00 11091 0.08 57156 95.21 18.45
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